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A function f has derivatives of all orders at 0.x =  Let ( )nP x  denote the nth-degree Taylor polynomial  
for f about 0.x =  

(a)   It is known that ( )0 4f = −  and that ( )1
1 3.2P = −  Show that ( )0 2.f ′ =  

(b)   It is known that ( ) 20 3f ′′ = −  and ( ) 10 .3f ′′ =′  Find ( )3 .P x  

(c)   The function h has first derivative given by ( ) ( )2 .h x f x′ =  It is known that ( )0 7.h =  Find the 
third-degree Taylor polynomial for h about 0.x =  

     
(a) ( ) ( ) ( ) ( )1 0 0 4 0P x f f x f x′ ′= + = − +  

 

( ) ( )

( )

( )

1
1 14 0 · 32 2

10 · 12
0 2

P f

f

f

′= − + = −

′ =

′ =

 

 
 

2 : 
( )

( )
1 1 : uses 

 1 : verifies 0 2 
P x
f ′ =

­
®
¯

 

 

(b) ( ) ( ) 2

3

3

2 3

2 14 2 · ·3 2!

1 1

3 3!

4 2 3 18

x xP x x

x xx

+

= − −

=

+ +

− + + −
 

 
 

 

3 : 
 1 : first two terms
 1 : third term
 1 : fourth term

­
°
®
°̄

 

 

(c) Let ( )nQ x  denote the Taylor polynomial of degree n for h about 
0.x =  

 

( ) ( ) ( ) ( ) ( )23
12 4 2 2 23h x x Q x x xf ′⇒ = − + −′ =   

( ) ( ) ( )
2 3

3 3
44 4 · · ; 0 0 72 3 3

x xQ x x C C Q h= − + − + = = =   

( ) 2 3
3

47 4 2 9Q x x x x= − + −  

 
OR 
 
( ) ( ) ( ) ( ) ( ) ( )2 42 , 2 , 2h x f h x f hx xfx x′ ′′ ′ ′′′ ′′= = =  

( ) ( ) ( ) ( ) ( ) ( ) 80 4, 0 4,0 0 2 00 4 3h f h f h f′ ′′ ′ ′= ′′− = ′′= = −= =  

( )
2 3

2 3
3

8 47 4 4 · · 7 4 22! 3 3! 9
x xQ x x x x x= − + − = − + −  

4 : 
( ) ( ) 2 : applies  

 1 : constant term
 1 : remaining term

2

s

h xx f′ =­
°
®
°̄
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The Maclaurin series for the function f is given by ( ) ( ) ( )
2

1 2
1

n n

n

xf x n=

∞ −= −∑  on its interval of convergence. 

(a) Find the interval of convergence for the Maclaurin series of f. Justify your answer. 

(b) Show that ( )y f x=  is a solution to the differential equation 
24

1 2
xx y y x

′ − = +  for ,x R<  where R is the 

radius of convergence from part (a). 
 

(a) 

( )
( )

( )

12
1 1 1 1lim lim 2 lim 2 2

2
1

n

nn n n

x
n n nx x xn nx
n

+

→ → →∞ ∞ ∞
+ − − −= ⋅ = ⋅ =

−

 

2 1x <  for 1
2

x <  

Therefore the radius of convergence is 1 .
2

 
 

 When 1 ,
2

x = −  the series is 
( ) ( )

2 2

1 1 1 .
1 1

n n

n nn n= =

∞ ∞− − =− −∑ ∑  

This is the harmonic series, which diverges. 
 

 When 1 ,
2

x =  the series is 
( ) ( )

2 2

1 1 1
.

1 1

n nn

n nn n= =

∞ ∞− −=− −∑ ∑  

This is the alternating harmonic series, which converges. 
 

 The interval of convergence for the Maclaurin series of f is ( 1 1, .
2 2

⎤− ⎥⎦
 

 
 

5 : 

 1 : sets up ratio
 1 : limit evaluation
 1 : radius of convergence
1 : considers both endpoints 
1 : analysis and interval of

      convergence

⎧
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎩

 

 

(b) 
( ) ( ) ( ) ( ) ( )

( ) ( )

2 3 4

2 3 4

2 2 2 1 2
1 2 3 1

1 2164 4
3 1

n n

n n

x x x xy n
xx x x n

−= − + − + +−
−= − + − + +−

" "

" "

 

( ) ( ) 1
2 3 1 2 2648 12

3 1

n nn xy x x x n

−− ⋅′ = − + − + +−" "  

( ) ( )2 3 4 1 2648 12
3 1

n nn xxy x x x n
−′ = − + − + +−" "  

( ) ( )
( ) ( )( )

2 3 4

22 2

4 8 16 1 2

4 1 2 4 1 2

n n

n n

xy y x x x x

x x x x −

′ − = − + − + − +

= − + − + − +

" "

" "
 

The series ( ) ( ) ( )22

0
1 2 4 1 2 2n n n

n
x x x x−

=

∞
− + − + − + = −∑" "  is a 

geometric series that converges to 1
1 2x+  for 1 .

2
x <  Therefore 

2 14
1 2

xy y x x
′ − = ⋅ +  for 1 .

2
x <  

 

4 : 

 1 : series for 
 1 : series for 
 1 : series for 
1 : analysis with geometric series

y
xy
xy y

′⎧
⎪ ′⎪
⎨ ′ −⎪
⎪⎩

 


