Calculus Maximus WS 5.5: Partial Fractions & Logistic

Name /K /: \f Date Period

Worksheet 5.5—Partial Fractions & Logistic Growth
Show all work. No calculator unless stated.

Multiple Choice

D 1. The spread of a disease through a community can be modeled with the logistic equation
600

1+59¢ "
when the disease is spreading the fastest?
(A)10  B)59 ()60 (D)300 (E) 600

L

Z_oj;‘s#c models of the WZ;JI’M \7 :mz;z grow He

Fasﬁs% WA@V) j= L/Z. }n Hhis Moql{//l L:éOO/ $o %:BOO

y= , where y is the number of people infected after # days. How many people are infected

= 2. The spread of a disease through a community can be modeled with the logistic equation
0.9

1+45¢707
what percentage of people in the community will not become infected?
(A) 2% (B)10% (C)15% (D)45%  (E) 90%

Mlyré,) L. =0.9 :9096/ $o aCLvr*a{inj % %,’5 /\Aoale/'/ Dhlj 9090
will become ih—CCal-egl ,%1‘5 /44(/55 Oy))j 109
Who will be not infedred

y= where y is the proportion of people infected after # days. According to the model,
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WS 5.5: Partial Fractions & Logistic

5 8 2
(C) In (Ej (D) In (5) (E) In (Ej

Loﬂis‘)‘iﬁ/ so
Ay _ ,
=k y(L-y)

dy
C) == =0.01y(100 —
© — »( x)

WhE 1LY
I (Z-Y
%
4. Which of the following differential equations would produce the slope field shown below?
SRS PANG NI RN R AN NG P
R i s i o
e | e o
L S A o G A L N
& o LA 5
s S e s
LS VLR O S S ST Y
/7 S ST S S L
5 - == 2 2
TRk
GO TR 7 R AR (A Y, A S, S i
[-3, 8| by [-50, 150]
(A)%:O.le(lm—x) (B)—y Oly(120 )
X
120 120
D) & =——0 (B ) & BT
dx 1+ 60e dx 1+ 60e
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Calculus Maximus WS 5.5: Partial Fractions & Logistic

E 5. The population P(¢) of a species satisfies the logistic differential equation Cji—P = P(2 — L) , Where

t 5000
the initial population is P(0) = 3000 and t is the time in years. What is lim P(¢)?

t—x©

(A) 2500 (B) 3000 (C) 4200 (D) 5000 (E) 10,000

;77(2,;%)—0) }neeap ”“/Q/D(L 77>

*fachor- ;F
ot a o A 50007900000 70)

50//_:/@ oo

o 6. Suppose a population of wolves grows according to the logistic differential equation 62—1; =3P—-0.01P,

where P is the number of wolves at time t, in years. Which of the following statements are true?

I lim P(¢) =300 *m:mr wk 0.01F = Tool
- 200 — P
II. The growth rate of the wolf population is greatest when P =150. va d—é :O(D,_D)):So >
P>300
III. If P >300, the population of wolves is increasing. X (Jes rzas: nfD ! ey e
(A) I only (B) II only (C) Iand II only (D) and IlTonly  (E) L II, and III
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Calculus Maximus WS 5.5: Partial Fractions & Logistic

A 7. Ix dx =

— (2x—=3)(x+2)

(A)%ln|2x—3|+2ln|x+2|+C (B) 3In|2x-3|+2In|x+2[+C  (C) 3In|2x—-3|-2In|x+2|+C

D) —— O 22+c B -—o 2 ¢

(2x=3)" (x+2) (2x-3)" (x+2)
3} *z) -1

Zrz2 "-l’
3
g [ 2% X ”}l
g[ A
PRV Y""q’

G =l

3() fnf2 x> | *Zl»«|x+7_’ +e

D g [ -
.J.x2+3x+2x
(A) In|x+2|+In|x+1+C  (B) In|x+2[+In|x+1|-3x+C (C) -4In|x+2|+2In|x+1|+C

(D) 4ln|x+2|-2In|x+1|+C  (E) 2ln|x|+§x+%x2+c
g [x—««z\(Y*D
't z
S S T e ™

%’WZ[‘ZM”'HL
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Calculus Maximus WS 5.5: Partial Fractions & Logistic

Short Answer/Free Response

Work the following on notebook paper.

9. Suppose the population of bears in a national park grows according to the logistic differential equation
dP

7 =5P—0.002P*, where P is the number of bears at time t in years.
t

(a) If P(0) =100, then lim P(t)= 2500 . Sketch the graph of P(¢). For what values of P

is the graph of P increasing? decreasing? Justify your answer.

%E = SP"DJOOZ'PL % fack r out 0,002 = %EP’%SP 250

AAT% ) DDZF@ (50@ -‘P> )260
) Joo
4P _ 2 f(2500— P
b0 < P vs increasing For a/] >
& never decréasing since P(0)=160<2500
(b) If P(0)=1500, limP(¢t)=_Z500 . Sketch the graph of P(¢). For what values of P is
the graph of P increasing? decreasing? Justify your answer.
.P
25004 —— — o - — —
156D
)250

] +

P s jn(reaShb Lor a// +t>o
& never decréasing since P(0)=/500<2500

(c) If P(0)=3000, limP(¢) = . Sketch the graph of P(¢). For what values of P is

the graph of P increasing? decreasing? Justify your answer.
20060

Pis Jwrms.’rﬂ Srall t> o & never
"’"fedﬂ’)j Since P[D)'—‘ZODD >250D

(d) How many bears are in the park when the population of bears is growing the fastest? Justify
your answer.

/26-0 zéears/ Synce //‘/u,\/‘/’ %jrou)?% s 2500 bears
and 125D js hal f ot 2500.
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Calculus Maximus WS 5.5: Partial Fractions & Logistic

10. (Calculator Permitted) A population of animals is modeled by a function P that satisfies the logistic
differential equation LZ—P = 0.01P(100 - P) , where t is measured in years.
t

(a) If P(0) =20, solve for P as a function of ¢.

L
P= ——=tkt  Where L=100
/-/;C/e/ & K=o0.01= 7%
00

e e:""’(’@t

fék)c AL —

J+ce®

o, PLe)=

@(Dﬂ'@" 20 = /oo °
)4Ce

- /6o
/4-6 = 15

Cc =56
c=4

/60

g’?/ }0(194 /%ﬁ/{,:t

(b) Use your answer to (a) to find P when ¢ =3 years. Give exact and 3-decimal approximation.

/00 ~ .
F(g> = /_)_,7153 a”i”'als ~ 85-392am/1/\q|5

(c) Use your answer to (a) to find # when P =80 animals. Give exact and 3-decimal

approximation.
/0O
0= F %
_t
#4957 = %6
_t_ S|
e "7
-t
= 4(4)
—t = LuCie)

- A e
X L. FFLyears
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Calculus Maximus WS 5.5: Partial Fractions & Logistic

11. (Calculator Permitted) The rate at which a rumor spreads through a high school of 2000 students can
be modeled by the differential equation Cj{—P =0.003P(2000 — P), where P is the number of students
t

who have heard the rumor ¢ hours after 9AM. K’- 0.00% [ =200D

(a) How many students have heard the rumor when it is spreading the fastest?

= Joob 5—7%@/6”7%

(b) If P(0) =5, solve for P as a function of ¢.
/D(é L — ,(:O,DD?,/L_'—ZOOO
J+C*

PZ 2000 Lk =6
1) = 2% oo
@lo9): 5= Z,OZL/ 5o, /%)‘ /4299 2%
/-/’C: z?soo
= Yoo-|
C =299

(c) Use your answer to (b) to determine how many hours have passed when the rumor is spreading the
fastest. Give exact and 3-decimal approximation.

== _ ,_,ﬂm(3%>

&)= /00O

/Col% L= 5L (399) howrs

U #3998 %0, 998 hours
et 2

2995~ 2-1

-t _1
e =399
— ot = 2 (359

(d) Use your answer to (b) to determine the number of people who have heard the rumor after two hours.
Give exact and 3-decimal approximation.

/0{2> _ ZooO

)+2990°°
/p(z)’f —ZLOD—JSHm/Mﬁ

-1z

142992
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Calculus Maximus WS 5.5: Partial Fractions & Logistic

12. Suppose that a population develops according to the logistic equation dar =0.05P —0.0005P> where t

s -
is measured in weeks. ¥ acdor ouwt a 0,0005P= ,Tw:{) T zooo P
(a) What is the carrying capacity/limit to growth? ?E,_ = D, DDbS P </ oD — P >
/0O e

K=p.0005, L =100

(b) A slope field for this equation is shown below.

\
\

REERRRE
FAVANA A

Praaaviy
PYAAYY

—_-_O-
13
3
4

L Where are the slopes close to zero?

Near P=2 and =100

IL. Where are they largest?
w hann =50

1. Which solutions are increasing?
all SD)U'J")OVIS Tor < ID4 | OO

IV.  Which solutions are decreasing?
all solutions for P>/00

(c¢) Use the slope field to sketch solutions for initial populations of 20, 60, and 120.
I. What do these solutions have in common? o -

all %454,/06{0461/1/61;’ Sa/uﬁbns a{pfrmd‘ P=/0D as £—><°

II. How do they differ?
7%& A Ler in their inc/ﬂ'/% Zée/)«»m//'or as wel/
as Hheir ¢on(4v;/7Lj .
III.  Which solutions have inflection points?
Dn{_cj He solubion with Plo)= 20
Showss Hhe inLlection valve.

IV. At what population level do these inflection points occur?
ﬂb Ilﬂ'p/(//r,'ion [DD}/}+ occurs w/‘w )D,—_ % = SO
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Calculus Maximus WS 5.5: Partial Fractions & Logistic

13. The slope field show below gives general solutions for the differential equation given by
dP

— =3P-3pP%,

dt

df _ <

Z=5F(/ F) P ) :
k=3, L=]

D0 T N TR U W T U U T U U W W S O

PP YS
S P g g e

1 2

(a) On the graph above, sketch three solution curves showing three different types of behavior for the
population P.

(b) Describe the meaning of the shape of the solution curves for the population.

L. Where is P increasing? A ‘ :
x )£ Ploe (@‘é} F Increases at any Jnereasing rate unh] =2
Fhen Increases af éalecrcasl_‘ﬁ rate Jor Pé (_'z_l;)

£ Foel é//>, P s increasing At a J&creasif;j rate af’j doward T=1.
I1. Where is P decreasing?

*}'IC ?/o>>//%en /3 s p{bcﬁ:arinj Foward f:/

I11. What happens in the long run (for large values of 7)?

ﬁ;;f)(%ﬁl

IV.  Are there any inflection points? If so, where?
/ﬁ-ﬁ/&&ﬁm lpm'h‘ﬁ 4({64/’ 24 &MJ So/u?l'),or)
with (o) ¢ (D/Ji

V. What do the inflection points mean for the population?

7%;’5 s u)/Ie,r&_“H\z. ‘Pﬂfmlav‘l'\'on is 3(‘&0)3 at ‘7%6 —1£ﬂ$7’€5‘/j f‘q?éen
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Calculus Maximus WS 5.5: Partial Fractions & Logistic

14. (Calculator Permitted) Newton’s Law of Cooling: Newton’s Law of Cooling states that the rate of
change in the temperature of an object is proportional to the difference between the object’s
temperature and the temperature of the surrounding medium. A detective finds a murder victim at 9

A.M. The temperature of the body is measured at 90.3° /. One hour later, the temperature of the
body is 89.0° F. The temperature of the room has been maintained at a constant 68.0° F

(a) Assuming the temperature, 7, of the body obeys Newton’s Law of Cooling, write a differential
equation for 7, in degrees Fahrenheit, as a function of ¢ hours.

Ak T-T) [ where [= L8 F (Roou Teap)

(b) Solve the differential equation to estimate the time the murder occurred.

— / LC:I’ +t=0o e_.rre.sFmoQ with 9AM
77@ ) +C . %, (£,T)
(o) 903) X (’/59)
7//%)— I+ C —63kt
/2963
6[0/70.3’).' 703 = é%& — é .K /%/] /954 >
]+
jee= £ K= = g b Tomem
=55
t3
>, 77@‘-—)_72—-@ s b2 I
%> € /_]/(‘LD - ) 18963\) )
CO): o o8 _ 222 (8 agh (555)
= 703 €

= 89
962 89 703 f/

_aaK: (_2 27—5 MNoraa! godj’)/z/mﬁp s 98. é DF:

(c) Call the cops and let them know.

)8I6> 8127
o 2 _agpg)e § b b6

=

20> (817}!—
jo 2 223 /8%5) 4:_ 2 b b, hes = =501 hes
903 (J9847) ~ 8.6 _8@5 ~ 6 hrs
Page 10 of 10 (/3%5 t— BlzF ,@h 9843 So}#’/szuf""f was arowund
2897 " b167F

9-5= JAM



